A group analysis of a class of drift-di usion systems is performed. In account of the presence of arbitrary constitutive functions, we look for Lie symmetries starting from the weak equivalence transformations. Applications to the transport of charges in semiconductors are presented and a special class of solutions is given for particular doping pro les.
Introduction
In this paper we tackle the problem of nding symmetries of the class S of drift-di usion systems of PDE's, which arise in several problems of physical (e.g. 
are su ciently smooth arbitrary functions of their aurguments. A special subclass of this system was previously considered by the authors in 1].
The search for symmetries is usually performed via direct Lie approach 2, 3, 4, 5, 6] . This procedure requires to solve the so-called determining system, which is an overdetermined system of partial di erential equations, linear in the components of the in nitesimal generators. However, since in (1)- (2), the functions not a priori assigned p 1 , p 2 and p 3 appear, the computational di culties considerably increase and it is too involved to get the complete symmetry classi cation by the Lie direct method. Then it can be convenient to procede looking for the equivalence transformations or for the weak equivalence transformations as in 7, 8, 9, 10, 11, 12] where the problem of symmetry classi cation in presence of arbitrary functions has been considered for di erent physical models.
Roughly speaking an equivalence transformation (see section 2 for a more formal de nition) is a change of variables which transforms the original system of PDE's into a new system having the same di erential structure but the transformed arbitrary functions might have a di erent form even if they continue to depend on the same arguments.
Instead a weak equivalence transformations can also change the arguments of the transformed functions, e.g. it can happen that p The use of the equivalence transformations for nding symmetries 7, 8] is based on the fact that from their in nitesimal generators one gets, under suitable hy-pothesis, the in nitesimal generators of the Lie symmetries by projection. The same strategy is followed when the weak equivalence transformations are employed 9, 10, 11, 12] but this latter procedure, as showed in 1, 9, 10, 11, 12], usually gives a wider set of symmetries. The procedure based on the equivalence or the weak equivalence transformations in general does not ensure to determine the complete symmetry classi cation, but in the applications it reveals a successful and computationally appealing way to get symmetries.
With respect to the aforesaid papers, we present an improvement in searching for the weak equivalence transformations. By following 13, 14], we shall include the dependence on the arbitrary elements in all the components of the generator by generalizing the method proposed in 2].
As an application of the results of the classi cation we shall to get reduced systems for the drift-di usion model of semiconductors and a class of exact solutions will be also presented.
The plan of the paper is the following. In section 2 we recall the concept of weak equivalence transformation and illustrate an in nitesimal method to get them. In x i = x i (x j ; u ; p B ; "); (7) u = u (x j ; u ; p B ; "); (8) p A = p A (x j ; u ; p B ; ") (9) which is locally a C 1 -di eomorphism, depends analytically on the parameter " in a neighbourhood of " = 0 and reduces to the identity transformation for " = 0.
The in nitesimal generator of the transformation (7)- (9) has the form
By following 13], we consider both i , and A as functions of x i , u and p A . In the previous papers the same procedure was followed but the dependence on the p A was assumed only for A while the components i and of ? were sought as functions of x i and u alone according to 2].
In order to make the notation as compact as possible, we put Since the systems belonging to the class S involve second order derivatives, we need the rst and second prolongation ? (1) and ? (2) of ?.
The general expression of ? (1) has been given in 13]. For the transformation (7)- (9) ? being the specialization of ? (2) (see Appendix ) to our case.
In order to take into account the functional dependences (3) in searching for the equivalence transformation, as indicated in 2], we have to impose the invariance of the system (1)- (2) 
where the only arbitrary function p 2 , denoted now with p, is assumed (because we are looking for WCET's) to depend on x j and u (x k ).
The generator in the appropriate second order jet-spacẽ A (2) =Ã Ã 1 Ã 2 =Ã f(u x j ; p x j ; p u )g f(u x i x j ; p x i x j ; p u x j ; p u u )g explicitly reads ? = i @ x i + @ u + @ p ; (27) where the coordinates i , and are sought depending on x k , u and p. The above results are summarized in the following table . We remark that a similar classi cation could be performed also with respect to only one of the p A 's. In general the choice of the functions to be classi ed depends on computational convenience or on physical considerations.
Lie symmetries via weak equivalence transformations
Starting from the weak equivalence classes found in the previous section, after observing that the components i and of the in nitesimal WCET generator do not depend on p, one can get Lie point symmetries of system (1)- (2) by using the procedure introduced in 12], based on the following theorem. 
The symmetry Lie algebra is two dimensional and it is spanned by The symmetry Lie algebra is two dimensional and it is spanned by X 1 and X 3 . The symmetry Lie algebra is in nite dimensional and it is spanned by X 1 , X B and X 4 . 2 ), is generated by X 1 , the time translations.
In the following we summarize the Lie symmetries obtained from the WCET's. 18, 19] ).
In the unipolar version (only the motion of the electrons is considered while the motion of the holes is neglected) it reads @ t n = @ x ( @ x n ? nv(E)) ;
with n, v, E and (x) scaled electron number density, velocity, electric eld and doping pro le.
Usually the eq. (54) is substituted with the equation for the electric potential, but
for one dimensional problems the algebra is simpli ed by considering the equation for the electric eld.
The di usion coe cient may depend on n and E. In this paper we assume that depends only on n. The general case will be considered in a forthcoming paper.
The previous system falls into the class (1)- (2) In Fig. 1 we show the typical behaviour of the velocity versus the electric eld for Si and GaAs.
Here we shall restrict ourselves to the linear case Without loss of generality, the scaled doping is put equal to one and we denote with l the length of the device.
We look for solutions which are invariant with respect to We remark that the previous solution solves the system (53)-(54) with the following boundary conditions depending on an arbitrary function of time n(0; t) = U(R(t)); n(l; t) = U(R(t) ? l); E(0; t) = R(t) + V (R(t)): 6 
Conclusions
In this paper Lie symmetries for a class of a drift-di usion system have been found by following a procedure di erent from the direct Lie in nitesimal method.
Even if this approach does not guarantee to get the complete symmetry classi cation, it provides a systematic way to obtain wide classes of symmetries when arbitrary functions appear and the Lie direct in nitesimal criterion becomes too involved to be successfully applied.
The followed method is based on the weak equivalence classi cation already introduced in 10, 11, 12] . Here we improve the results of those articles by generalyzing the suggestion presented in 13, 14] , where all the coordinates of the in nitesimal generators were sought depending also on the arbitrary functions. The corresponding prolongation formulas of any order are given in the Appendix. we get the formula (13) .
Proceeding by induction we suppose that ! A a 1 a n?1 =D e a n?1 (! A a 1 a n?2 ) ? p A a 1 a n?2 bD e a n?1 b :
Then from the relationD an (p A a 1 a n?1 +"! A a 1 a n?1 +o(")) = (D e an (z b +" b +o(")))(p A a 1 a n?1 b +"! A a 1 a n?1 b +o("));
it follows ! A a 1 an =D e an (! A a 1 a n?1 ) ? p A a 1 a n?1 bD e an b :
We summarize the previous results in the following theorem:
Theorem 2. Let us consider the equivalence transformation (7)- (9) . The prolongation of order n of ? is given by (59) with i 1 in and ! A a 1 an given by (60) and (61).
The prolongation formulas obtained above trivially extend to transformations with an arbitrary number of dependent and independent variables and arbitrary functions.
